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Abstract. A combined algorithm for optimisation of biotechnological 
processes has been developed. The algorithm includes a random 
search method for an optimal choice of an initial point and a method 
based of the fuzzy sets theory. Combining both methods overcomes 
а major disadvantage of the fuzzy optimisation method, connected 
with a determination of large scale problems. The combined algo-
rithm has been successfully applied for optimisation of the initial 
condition and optimal control of the biotransformation process of 
whey fermentation by а strain Kluyveromyces lactis MC5.

1. Introduction
One of the basic problems in the bioprocesses develop-

ment is the optimisation of the initial experimental conditions. 
Considering that, there is a great deal of parameters that can 
influence the outcome of bioprocess, it is of general concern 
to find a good optimization method. High number of parame-
ters considerably narrows the choice of optimization methods, 
and it also indicates the system’s complexity. The usual meth-
ods generally used for this purpose (e.g. simplex, evolutionary 
optimisation and response surface methodology [1-5]) are not 
good enough when there are too many parameters involved, 
i.e. they are sometimes not successful in finding the optimum.

Fuzzy sets theory (FST) has a great application in mod-
elling, optimisation and optimal control [6-9]. In this work a 
method based on FST is used [10]. The general advantage of 
the method is that the obtained solution is determined directly, 
so the common weaknesses of the numerical solutions are 
avoided. A disadvantage of the method is the presentation of 
variables in a discrete form that makes the method less suc-
cessful for problems with larger scale.

The methods of random search (MRS), do not require 
a calculated of gradients, they are simple for programming; 
allow organizing of adaptive algorithms and algorithms for 
searching of global extremum. MRS are more effective when 
there are many control variables (more than four), because 
the study space is always divided in two areas – felicitous

and infelicitous, and the probability for falling in the one or 
the other does not depend on the number of variables [11].

In a series of publications [12-14], we have used FST 
to optimize the design and regime parameters of stirred tank 
bioreactors, and for optimal control of biotechnological pro-
cesses (BTP) [15-21].

In other of our publications [22-25] a CA is used to op-
timize the design and operating parameters of a stirred biore-
actor. For example in [22], a CA is applied for optimization of 
gas-liquid transition in stirred tank bioreactors. A combination 
of both algorithms will allow the disadvantage of the method 
based on FST, connected with a larger scale, to be overcome.

The aim of this work is to summarize the scheme of 
combined algorithm for optimization of biotechnological pro-
cesses. For example in this paper CA was applied for optimi-
zation of the initial conditions and optimal control of the feed-
ing rate of fed-batch biotechnological processes of a lactose 
oxidation by a strain Kluyveromyces marxianus var. lactis MC5 
in a laboratory stirred tank bioreactor.

2. A Combined Algorithm for Optimisation

2.1. Random Search with Back Step Algorithm

Random search with back step (RSBS) algorithm is well 
known from the literature [11]. Its rate of congruence which is 
also valid for other algorithms depends on the choice of a begin-
ning point. For augmentation of the congruence rate a preliminary 
choice of a random set is used on the following scheme:

A beginning point in the admissible space is generated 
in an accidental method:

where: umin and umax – possible limits for the vector control 
variable, m – number of the control variables; ξi –uniformly 
distributed random numbers, ξi=URAND(IY); URAND(IY) is a 
random generator of random numbers [0÷1], IY – integer 
constant; M – number of the generated point’s.
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The point with the best result concerning some criterion 
Qa(u), is chosen as a beginning point. After that RSBS algo-
rithm is applied.

2.2. Fuzzy Algorithm (FA)

FTS allows a possibility to be developed a flexible model 
[6-10], that reflects in more details of all possible values of the 
criterion and control variables under the developed model. The 
developed model is examined as the most acceptable. Some 
diversions from the developed model as admissible, but with 
a less degree of acceptability are examined. The membership 
function is presented by a fuzzy set with a type (figure 1a):

(1)  

where: u – vector of control variables, t – time partitions, 
εi – deviation of the basic model, i = 1, … ,Q; Q – number of 
equations in the main model.

The prepositional flexible model of process reflects the 
better influence of all well values of the kinetics variables.

Fuzzy criteria from the following type: Qa(u) to be in 
possibility higher, is formulated and presented with the subse-
quent membership function (figure 1b):

(2)

where QaL
 and Qau

 low and upper values of criteria.

The membership function of the model and criterion are 
shown in figure 2.

a) Membership function for the model

b) Membership function for the general criteria

Figure 1. Membership functions of model and criterion

The following optimization problem in the class of fuzzy 
mathematical programming problems can be formulated:

(3) 

where max~  in possibility maximum; ≌ means is come into 
view approximately in following relation.

For determination of this problem (3), an approach gen-
eralizing the Bellman-Zadeh’s method is used [10]. The fuzzy 
set of the solution is presented with a membership function 
βD(t,u), which is conjunction of the membership functions of 
the fuzzy set of the criterion β0(t,u) and the model β1(t,u):

(4)

where: γ – parameter characterized the compensation degree; 
θi – parameters, those give weights of βi(t,u) , (i = 0, 1, …, Q).

The solution is received using common defuzzification
method BADD [26]:

(5)

where: i = 1, …, q; q – number of discrete values of the vector 
u; p = qm; m – number of the control variables.

An effective combined algorithm for process optimisa-
tion is synthesized by using the fuzzy sets.

2.1.1. Scheme of CA

The combined algorithm scheme is shown in figure 2.

Figure 2. Combined algorithm block scheme

Initial information necessary for only RSBS algorithm 
(Choice 1) is:

1. Number of control variables m.
2. Integer constant IY.

URAND(IY) is a random generator of random numbers 
[0÷1], IY – integer constant; M – number of the generated 
point’s.

The point with the best result concerning some 
criterion Qa(u), is chosen as a beginning point. After that 
RSBS algorithm is applied.

2.2. Fuzzy Algorithm (FA) Подзаглавие II
степен
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model [6-10], that reflects in more details of all possible 
values of the criterion and control variables under the 
developed model. The developed model is examined as the 
most acceptable. Some diversions from the developed 
model as admissible, but with a less degree of acceptability 
are examined. The membership function is presented by a 
fuzzy set with a type (figure 1a):
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where: i = 1, …, q; q – number of discrete values of the 
vector u; p = qm; m – number of the control variables.

An effective combined algorithm for process 
optimisation is synthesized by using the fuzzy sets.

URAND(IY) is a random generator of random numbers 
[0÷1], IY – integer constant; M – number of the generated 
point’s.
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where: i = 1, …, q; q – number of discrete values of the 
vector u; p = qm; m – number of the control variables.

An effective combined algorithm for process 
optimisation is synthesized by using the fuzzy sets.

URAND(IY) is a random generator of random numbers 
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point’s.
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vector u; p = qm; m – number of the control variables.
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vector u; p = qm; m – number of the control variables.

An effective combined algorithm for process 
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3. Possible area for each control variables umin,i and 
umax,i, (i = 1, 2, …, m).

4. Steps for each control variable hi.
5. Beginning point u0,i, (i = 1, 2, …, m).

The corresponding subroutine is called as: CALL 
RSBS(m, IY, umin, umax, h, u0, J). RSBS returns optimal values 
of control variables u0 and criterion J(u).

Initial information necessary for only FUZZY Algorithm 
(Choice 2) is:

1. Number of control variables m.
2. Possible area for each control variables umin,i and 

umax,i, (i=1,…,m).
3. Steps for each control variable hi.
4. Initial values for low and upper values of criteria J L

0 

and J U
0 .

5. Fuzzy sets parameters γ , θi, (i = 1, …, Q).

The generalized FUZZY Algorithm scheme is:
BEGIN

1. Computing criterion before optimisation J0(u).
2. Computing low and upper values of criteria: 

JL = J L
0 J0(u), JU = J U

0 J0(u).
3. Computing number of discrete values of vector u: 

q = INT [1+(umax – umin)/h].
4. Computing discrete values of each control variable:

ui = [umin,i + k(umax,i -umin,i)]/(q-1), 
(k = 0, 1, …, q), (i = 1, 2, …, m).

5. Computing of deviations εi from the basic model.
6. Computing of membership functions of the model 

βi(u), (i=1,…,Q) from (1).
7. Computing of membership function of the criterion 

β0(u) from (2).
8. Computing of optimisation criterion J(u) from (3).
9. Computing of membership function of the decision 

βD(u) from (4).
10. Obtaining of solution u0 using defuzzification operator 

from (5)
11. Returns optimal values of control variables u0 and 

criterion J(u).
END

The corresponding subroutine is called as: CALL 
FUZZY(m, umin, umax, h, JL

0, JU
0, Gamma, Theta, u0, J).

Initial information necessary for CA (Choice=3) is:
1. Number of control variables m.
2. Integer constant IY.
3. Steps for each control variable hi.
4. Fuzzy sets parameters γ  and θi, (i=1, 2,…,Q).

The generalized COMBINED Algorithm scheme is:
BEGIN

1. CALL RSBS( m, IY, umin, umax, h, u0, J).
2. Optimal value of the criterion J(u), received from 

RSBS.

3. Low and upper values of criteria are determined 
based on relation: JL = 1.1J(u), JU = 1.5J(u).

4. Beginning point u0 is accepted equal to the one 
received from RSBS.

5. Possible area for each control variables Umin and Umax, 
are determined in the vicinity of ±10% the received 
with RSBS point: Umin = 0.9u0 and Umax = 1.1u0. If the 
lower or upper bound exceeds the admissible values 
umin or umax, then the bounds they are accepted equal 
to them.

6. Computing number of discrete values of vector u: 
q=INT[1+Umax – Umin)/h].

7. Computing discrete values of each control variable:
ui=[Umin + k(Umax – Umin)]/(q-1).

8. CALL FUZZY( m, Umin, Umax, h, α1, α2, Gamma, 
Theta, u0, J ).

9. Returns optimal values of control variables u0 and 
criterion J(u).

END

The corresponding subroutine is called as: CALL COM-
BINED(m, IY, umin, umax, h, Gamma, Theta, u0, J).

3. A Combined Algorithm for Optimisation 
of Fed-batch Biotechnological Processes

3.1. Model of the Fed-batch Process

The model of a biotransformation process of а whey 
fed-batch biotechnological processes by а strain Kluyveromy-
ces lactis MC5 includes the dependences between the con-
centrations of the basic process variables: cell concentration, 
substrate concentration and oxygen concentration in the liquid 
phase [17-19, 21, 25]:

(6)

(7)

(8)

(9)

where:

specific grown rate of the cells, h-1; μm – maximal rate of 
the cells, h-1; X – cell concentration, g/L; S – concentration 
of substrate, g/L; C – oxygen concentration, g/L; C* – mean 
oxygen concentration, g/L; V – volume, L; kS, kC, ki, Y1, Y2 

– coefficients; Sin – fed substrate concentration, g/L; kla – 
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The concentration of substrate at the end of the 
fermentation processes have to be limited to avoid possible 
adverse effects on downstream product separation. We have 
therefore 

(14) 0)( min6 ≤−= StSg f . 

The lower bounded levels Smin will help reduce the 
separation cost in downstream processing. 

3.1.2. Control Variables Constrain 

The initial concentration of the oxygen in the 
fermentation media at the leaded six fermentations varies 
C0∈[6.2 – 7.0]×10-3. Initial oxygen concentration is in the 
interval: C0∈[6.0 – 7.00] ×10-3 g/L. 

The initial cell mass concentration in the accessible 
literature data is not found. Initial cell mass concentration is 
in the interval: X0∈[0.1 – 0.3] g/L. 

The maximum initial concentration of lactose on 
literature [27,28] reaches maximal value to 50 g/L. Initial 
lactose concentration is in the interval: S0 ∈ [40–50] g/L. 

The input concentration (Sin) of lactose concentration 
is in the interval: Sin ∈ [40–100] g/L. 

Here, the decision variables are bounded in the 
solution space as follows: 
(15) max)(0 FtF ≤≤ , Fmax = 50.0×10-3L/h. 
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erature data is not found. Initial cell mass concentration is in 
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The maximum initial concentration of lactose on litera-
ture [27,28] reaches maximal value to 50 g/L. Initial lactose 
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The input concentration (Sin) of lactose concentration is 
in the interval: Sin∈[40–100] g/L.

Here, the decision variables are bounded in the solution 
space as follows:

(15)

Since the feed rate F(t) as a function of the time is to be 
chosen in this optimal control problem, such a problem is an 
infinite dimensional problem. To solve this problem efficiently, 
the feed flow rate is first represented by a finite set of control 
parameters F(j) in the time interval tj-1 < t < tj as

  F(t)=F(j), j=1, ..., N

where N is the number of time partitions.

3.2. Formulation of the Optimisation Problem

The optimization problem is to be determined the opti-
mal initial conditions of the kinetic variables: X0, S0, C0, Sin and 
F(t) such that maximizing the criterion:

(16) 

The penalty parameters rk are positive constant, r
i
 = 102,

i = 1, …, 6; tf  is the final time of the fermentation, tf = 12h.
The decision vector (u) consist initial conditions X0, S0, 

C0 and Sin – u=u[X0,S0,C0,S0,Sin]
T . The feeding rate is accepted 

as a control variable u.

4. Results and Discussions
All programs have been written using COMPAQ Visual 

FORTRAN 90. All computations have been performed on an 
DualCore AMD Athlon II X2 245 2900 MHz computer using 
Microsoft Windows XP Pro Edition operating system.

The optimal values of the kinetic variables after CA op-
timisation are:

X0=0.28 g/L; S0 = 49.7 g/L; C0 = 6.3⨯10-3 g/L;
F0 = 15.0⨯10-3 L/h; Sin = 67.0 g/L.
The optimal control of the feeding rate and criterion be-

fore and after optimisation are shown in figure 3 and figure 4.

Figure 3. Optimal profile of feeding rate
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The concentration of substrate at the end of the 
fermentation processes have to be limited to avoid possible 
adverse effects on downstream product separation. We have 
therefore 

(14) 0)( min6 ≤−= StSg f . 

The lower bounded levels Smin will help reduce the 
separation cost in downstream processing. 

3.1.2. Control Variables Constrain 

The initial concentration of the oxygen in the 
fermentation media at the leaded six fermentations varies 
C0∈[6.2 – 7.0]×10-3. Initial oxygen concentration is in the 
interval: C0∈[6.0 – 7.00] ×10-3 g/L. 

The initial cell mass concentration in the accessible 
literature data is not found. Initial cell mass concentration is 
in the interval: X0∈[0.1 – 0.3] g/L. 

The maximum initial concentration of lactose on 
literature [27,28] reaches maximal value to 50 g/L. Initial 
lactose concentration is in the interval: S0 ∈ [40–50] g/L. 

The input concentration (Sin) of lactose concentration 
is in the interval: Sin ∈ [40–100] g/L. 

Here, the decision variables are bounded in the 
solution space as follows: 
(15) max)(0 FtF ≤≤ , Fmax = 50.0×10-3L/h. 

END 

The corresponding subroutine is called as: CALL 
COMBINED(m, IY, umin, umax, h, Gamma, Theta, u0, J). 
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F – feeding rate, L/h. 

The initial conditions and coefficients in the model are 
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The coefficient kla and gas hold-up εG are determined 
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where: P – power input, W; 4.053 Re9.60 −= dnP ρ , W; 
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speed, s-1; d – impeller diameter, m; Re – Reynolds number; 
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3.1.1. Systems Variables Constrain 

Nearly all engineering processes will have physical 
constraints. In this study the volume of the bioreactor is 
constrained [8,9]: 
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The concentration of substrate at the end of the 
fermentation processes have to be limited to avoid possible 
adverse effects on downstream product separation. We have 
therefore 
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The lower bounded levels Smin will help reduce the 
separation cost in downstream processing. 

3.1.2. Control Variables Constrain 
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literature [27,28] reaches maximal value to 50 g/L. Initial 
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solution space as follows: 
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The concentration of substrate at the end of the 
fermentation processes have to be limited to avoid possible 
adverse effects on downstream product separation. We have 
therefore 

(14) 0)( min6 ≤−= StSg f . 

The lower bounded levels Smin will help reduce the 
separation cost in downstream processing. 

3.1.2. Control Variables Constrain 

The initial concentration of the oxygen in the 
fermentation media at the leaded six fermentations varies 
C0∈[6.2 – 7.0]×10-3. Initial oxygen concentration is in the 
interval: C0∈[6.0 – 7.00] ×10-3 g/L. 

The initial cell mass concentration in the accessible 
literature data is not found. Initial cell mass concentration is 
in the interval: X0∈[0.1 – 0.3] g/L. 
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literature [27,28] reaches maximal value to 50 g/L. Initial 
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The input concentration (Sin) of lactose concentration 
is in the interval: Sin ∈ [40–100] g/L. 

Here, the decision variables are bounded in the 
solution space as follows: 
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The concentration of substrate at the end of the 
fermentation processes have to be limited to avoid possible 
adverse effects on downstream product separation. We have 
therefore 

(14) 0)( min6 ≤−= StSg f . 

The lower bounded levels Smin will help reduce the 
separation cost in downstream processing. 

3.1.2. Control Variables Constrain 

The initial concentration of the oxygen in the 
fermentation media at the leaded six fermentations varies 
C0∈[6.2 – 7.0]×10-3. Initial oxygen concentration is in the 
interval: C0∈[6.0 – 7.00] ×10-3 g/L. 

The initial cell mass concentration in the accessible 
literature data is not found. Initial cell mass concentration is 
in the interval: X0∈[0.1 – 0.3] g/L. 

The maximum initial concentration of lactose on 
literature [27,28] reaches maximal value to 50 g/L. Initial 
lactose concentration is in the interval: S0 ∈ [40–50] g/L. 

The input concentration (Sin) of lactose concentration 
is in the interval: Sin ∈ [40–100] g/L. 

Here, the decision variables are bounded in the 
solution space as follows: 
(15) max)(0 FtF ≤≤ , Fmax = 50.0×10-3L/h. 

Since the feed rate F(t) as a function of the time is to 
be chosen in this optimal control problem, such a problem 
is an infinite dimensional problem. To solve this problem 
efficiently, the feed flow rate is first represented by a finite 
set of control parameters F(j) in the time interval tj-1 < t < tj
as

NjjFtF ...,,1),()( ==

where N is the number of time partitions.

3.2. Formulation of the Optimisation Problem
Подзаглавие II степен

The optimization problem is to be determined the 
optimal initial conditions of the kinetic variables: X0, S0, C0, 
Sin and F(t) such that maximizing the criterion:
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The penalty parameters rk are positive constant, ri = 102,
i = 1, …, 6; tf  is the final time of the fermentation, tf = 12h.

The decision vector (u) consist initial conditions X0, 
S0, C0 and Sin – T

inSSCSX ],,,,[ 0000uu = . The feeding rate 
is accepted as a control variable u.

4. Results and Discussions Подзаглавие I 
степен

All programs have been written using COMPAQ 
Visual FORTRAN 90. All computations have been 
performed on an DualCore AMD Athlon II X2 245 2900
MHz computer using Microsoft Windows XP Pro Edition 
operating system.

The optimal values of the kinetic variables after CA 
optimisation are:

X0=0.28 g/L; S0 = 49.7 g/L; C0 = 6.3×10-3 g/L;

F0 = 15.0×10-3 L/h; Sin = 67.0 g/L.

The optimal control of the feeding rate and criterion 
before and after optimisation are shown in figure 3 and 
figure 4.

Figure 3. Optimal profile of feeding rate

Figure 4. Criterion before and after optimisation

Figure 4 shows the criterion is raised with more 27% 
after application CA.

The biomass concentration, substrate concentration 
and oxygen concentration before and after optimisation are 
shown in figure 5, figure 6 and figure 7.

Figure 5. Biomass concentration before and after optimization
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Figure 4. Criterion before and after optimisation

Figure 4 shows the criterion is raised with more 27% 
after application CA.

The biomass concentration, substrate concentration and 
oxygen concentration before and after optimisation are shown 
in figure 5, figure 6 and figure 7.

Figure 5. Biomass concentration before and after optimization

Figure 6. Substrate concentration

Figure 6 shows the substrate concentration after opti-
misation is larger than before optimisation, i.e. the substrate 
assimilation is lower than before optimisation.

Figure 7. Oxygen concentration

The oxygen concentration (figure 7) after optimisation is 
lower than before optimisation that shows the oxygen assimi-
lation from the strain is better after optimisation.

Conclusion
The proposed combined algorithm for optimisation, 

based of random search method with back step and fuzzy 
sets theory decreases vastly the time for the solution of the 
optimisation problem. The application of the combined algo-
rithm eliminates the main disadvantage of the used fuzzy opti-
misation method, namely decreases number of discrete values 
of the control variables. Thus, the algorithm allows problems 
with larger scale to be solved.

The done combination for simultaneously optimization 
of the initial conditions and regime parameters is developed 
for the first time. This approach raises effectiveness of the 
batch fermentation process of the lactose oxidation by strain 
Kluyveromyces Marxianus var. lactis MC5. The cell concentra-
tion increase with more 17% after optimization.

The obtained optimal profile of the feed flow rate and 
obtained results after the theoretical optimisation have shown 
clearly practical applicability of the used techniques, in par-
ticular, for maximization of process productivity.

The combined algorithm can be used for decision of 
other optimisation problems in the area of bioprocess sys-
tems.
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