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Abstract. By definition, sustainable development is a way of using 
natural resources that aims to meet human needs while maintaining 
the natural balance with the environment, so that these needs can 
be met both now and for future generations. The creation of highly 
efficient technological processes, energy efficiency in every sphere of 
the economy and society, the production of energy from renewable 
energy sources, the economy of materials, the use of renewable 
natural resources, the development of green and eco-technologies, 
prevention of harmful waste; effective governance of the economy, 
society and the environment are part of the most important policies 
underlying the European Union's (EU) Sustainable Development Strat-
egy. Creating energy efficient production systems involves less im-
pact on the environment. One of the most powerful tools for creating 
this type of system is the integration of energy and mass processes. 
Process integration covers a wide range of system-oriented methods 
and approaches that are used in the design and reconstruction of 
industrial processes to obtain optimal use of resources. In recent 
years, the focus on energy integration of processes has shifted from 
the integration of processes in continuous systems to the integration 
in systems with batch processes. From the conducted researches 
it is clear that the production systems with batch processes have 
sufficient energy potential, which can be used to improve their energy 
efficiency. The recovery and use of this heat is complicated by the 
batch nature of the processes, and the task is further complicated 
by the impact of stochastically changing flow parameters such as 
temperature, volume, etc., overcoming which is a serious challenge 
to the sustainability of batch production systems. The aim of the 
present study is to propose a method for dealing with uncertainties 
and increasing resilience through heat integration of flows in period-
ic production systems. The method includes three main stages: 1. 
Uncertainty analysis and selection of a suitable scheme for energy 
integration of processes and its mathematical description; 2. Defin-
ing the problem of optimal redesign of an energy-integrated batch 
production system by incorporating the integration model within a 
stochastic optimization problem and its solution; 3. Assessment and 

decision making to choose the most appropriate solution, whereby 
the production system is sustainable of the impact of the uncertain 
parameters in the widest borders, by defining the flexibility index.

1. Uncertainty Analysis and Selection  
of a Suitable Scheme for Energy 
Integration of Processes and its 
Mathematical Description

1.1. Uncertainty Analysis

From a process perspective, uncertainties can be classi-
fied as internal (endogenous) and external (exogenous) [1,2]. 
Internal uncertainties include variations in flow rates and flow 
temperatures, fluctuations in their composition and quality. Ex-
ternal uncertainties are caused by external factors that affect 
the process, such as fluctuations in the volume and param-
eters of feed streams, environmental conditions, fluctuations 
in product requirements and prices, and more. Taking into 
account the impact of uncertainties is extremely important, as 
they can take production systems out of optimal equilibrium 
working conditions and cause violations in working condi-
tions. In order to keep the processes affected by the effects 
of uncertainty feasible, working conditions must be shifted 
within the region of feasibility. Uncertainty analysis provides 
information on their impact on working conditions. Statistical 
analysis of uncertainties allows to determine the expected 
range of change in uncertainties, as well as their probability 
distribution. All this affects the sustainability of periodic pro-
duction systems and further complicates their energy integra-
tion. In order to transform a problem into a deterministically 
approximated one, the discretization of the uncertain space 
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is used. In order to be able to apply it, the independence of 
the uncertain parameters from each other is assumed, and 
therefore the independence of their probabilistic distributions. 
In the present work, the scenario method is used to discretize 
the uncertain space any complete set of fixed, for all uncertain 
parameters, values, with a fixed probability of its realization. 
When solving a stochastic model, only one set of scenarios 
is used, for which the sum of the fixed probabilities is equal 
to 1. Sampling of uncertain space by generating scenarios is 
usually associated with the representation of the stochastic 
optimization problem in terms of its deterministic equivalent of 
multi-scenario multi-stage or two-stage stochastic program-
ming. 

The accuracy and efficiency of stochastic models de-
pends on the quality of the generated scenarios. Different 
approaches have been developed for this purpose. They range 
from those based on the use of historical data, etc. non-par-
ametric, up to random sampling of a selected distribution 
function of a multivariate random variable – etc. parametric 
approaches. The main difference between non-parametric and 
parametric approaches is that in the first case the generated 
scenarios are represented by real data with equal probability 
of occurrence, while in parametric, generated scenarios can 
be entirely hypothetical. The advantage of non-parametric ap-
proaches is that they are easy to understand and calculate, 
but on the other hand strongly depend on the defined patterns 
to be generalized. For their part, parametric approaches de-
pend on the chosen distribution function, which can be diffi-
cult to determine, and there is no evidence that data that fit 
well into a distribution today will remain so in the future [3].

An extremely attractive method for generating scenarios 
has been proposed by [4]. His idea is to replace a set of 
scenarios with a smaller one so that the optimization task is 
approximated in a reduced space. The proposed criterion for 
selecting a subset of scenarios is that the total probability of 
occurrence of a given realization of each uncertain parameter 
in the final set of scenarios is equal to the probability of the 
uncertain parameter taking this specific value. This criterion 
must be met for each uncertain parameter in the model. To 
define the minimum set of scenarios, the task is formulated in 
terms of MILP, as well as a relaxed LP task.

1.2. Heat Integration in Batch Processes

The problem of energy integration in production systems 
with batch processes is much more complex due to the pre-
dominantly low-potential heat. Batch and discreet nature of 
the sources and recipients of heat imposes additional restric-
tions requiring coordination processes. Often, flows suitable 
for integration have different durations and occur at different 
time intervals. Production schedules define some of the most 
heavy constraints on the problems of operation management, 
design, and redesign of production systems with batch pro-
cesses and make combinatorial complexity a major problem.

There are two main approaches to heat integration in 
batch processes, direct and indirect [5]. In the direct ap-
proach, heat exchange takes place between hot, cooled down 

and cold, heated- up, batch reactors that appear simulta-
neously in the production horizon. Heat-exchange equipment 
for heat recovery and pumps for fluid transport are used. 
The linear approach requires adherence to a strict production 
schedule to ensure energy efficiency and product quality. In 
the indirect approach, heat exchange occurs between streams 
that do not appear simultaneously in the system. It uses in-
termediate fluids and a heat storage system (comprising heat 
tanks) to allow heat to be stored, transferred and utilized in 
the future. It enables the heat exchange process to be less 
restricted and less sensitive than schedules, and provides 
some operational flexibility. Many technical suggestions can 
be found in the literature for the implementation of each of 
them, such as those shown in Figures 1a and 1b.

Figure 1a. Scheme for heat integration of hot cold batch reactors 
with a system of heat exchangers for additional temperature 

correction [6]

Hot part                            Cold part

Figure 1b. Scheme for heat integration using two heat tanks  
and recirculation of basic fluids [7]

1.3. Mathematical Descriptions of Heat 
Integrated Processes in Batch Systems

In general, heat recovery schemes from batch reactors 
operating at different time intervals consist of three main 
groups of equipment units – reactors, heat exchangers and 
heat tanks. Regardless of the configuration of the integration 
scheme, the following assumptions are valid in the mathe-
matical modelling of heat exchange using one or two heat 
tanks:

• The reactors are fully mixed.
• The heat capacities of the fluids, the total heat trans-
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fer coefficients and the flow rates are constant val-
ues.

•	 The	minimum	temperature	difference	ΔTmin .
• Transient processes in heat exchangers are not tak-

en into account.
• Heat losses are insignificant.
The purpose of mathematical descriptions of heat-inte-

grated processes in batch systems is to determine the tem-
peratures at the end of heating and cooling processes in batch 
reactors. In the case of application of a direct heat integration 
approach the models include:

• Non-stationary equations for the processes of heat-
ing and cooling of fluids in batch reactors; and

• The heat balance equations of recuperative and other 
heat exchangers included in the integration scheme. 

The mathematical description combines the mathemat-
ical descriptions for integration using direct and/or indirect 
heat integration schemes using heat reservoirs. It includes 
balance equations for recuperative heat exchangers and heat 
tanks. The aim is to determine the temperatures at the end 
of the heating and cooling processes, as well as the initial 
temperatures in the heat storages [8]. 

In the case of indirect heat integration using heat tank(s), 
the approach for creating the mathematical model consists in: 

• Separately creating mathematical descriptions of the 
heat exchange in the heating and cooling parts of 
the proposed scheme.

• Joint two descriptions into one by solving the mod-
el(s) of the heat tank(s).

If the analytical expressions of the change in the tem-
peratures of the fluids over time, for the fixed time interval, 
are known, then the target temperatures can be reached by 
appropriate selection of the dimensions of the heat exchange 
equipment and the operating parameters of the fluids. The 
mathematical model of the energy integrated pair of hot/cold 
batch reactors makes it possible to determine the temperature 
profiles both to reach the target final temperatures and for the 
time as functions of the heat exchange surfaces, and and the 
mass velocities of the fluids:

(1-1) Th
i (τ) = Fi (A

C, Ah, Mm, wc, wh),

where AC, Ah [m2] are heat exchange areas Mc, Mh [kg], mass 
of heat transfer agent and wh, wc mass velocities [m/s].

To implement heat integration, it is necessary to comply 
with the following restrictions:

• Temperature limits for physically feasible heat 
exchange in heat exchangers:

ΔTc	≥	ΔTmin	 	 	 ∆Th	≥	∆Tmin

where	ΔTc	and	∆Th  are the minimum temperature differ-
ences at the end of the heat transfer process.
• Technical and technological constraints defining 

the limits within which the independent variables 
may change:

these are the times during which the heat exchange 
takes place in the heating and cooling part:

τc
min	≤	τc	≤	τc

max  τh
min	≤	τh	≤	τh

max

• Heat exchange surfaces:

Ac
min	≤	Ac	≤	Ac

max  Ah
min	≤	Ah	≤	Ah

max

• The mass of the heating/cooling fluid

Mm
min	≤	Mm	≤	Mm

max

Independent variables:
As continuous independent variables in the optimization 

problem are accepted:
• τc – the time for which the cold fluid is heated in 

HE-c [s];
• τh – the time for which the hot fluid is cooled in HE-h 

[s];
• Ac – the heat exchange surface of HE-c [m2];
• Ah – the heat exchange surface of HE-h [m2];
• Mm – the mass of the hot/cold agent in the heat  

tank [kg].

2. Defining the Problem of Optimal 
Redesign of an Energy-Integrated Batch 
Production System by Incorporating  
the Integration Model

2.1. Inclusion of an Integration Model within  
a Stochastic Optimization Problem 

Uncertain parameters are known approximately, with 
some degree of probability, so the change in working condi-
tions due to their impact is treated as a reasonable optimistic 
expectation. The problem for reconstruction of heat-integrated 
batch system can be written in terms of stochastic program-
ming as follows:

(1-2) 

subject to:

where Eθ∊Θ is the mathematical operator for calculating the 
expected value of the objective function Φ on the space of 
change of the uncertain parameters – Θ, in accordance with 
either the probability distribution functions P(θ) or the lower 
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where Eθ∈Θ is the mathematical operator for calculating the 
expected value of the objective function –Φ  on the space of 
change of the uncertain parameters –Θ , in accordance with 
either the probability distribution functions ( )θΡ  or the lower 

and upper limits of the uncertain parameters – ( ),L Uθ θ , or both 

[9]. 
       In the presented wording (1-2), Φ  is the goal, which is 
usually the sum of all costs for reconstruction (capital, 
operating, etc.). The goal is a function of the independent 
variables – d  (design variables), and of the dependent 
variables – w . The vector of the independent variables –  d  can 
include – d  continuous and y  - discrete variables. Continuous 
variables are the dimensions of the equipment, the properties of 
the technological flows, such as speed and temperature, which 
are continuous over time and variables in space. Discrete 
variables represent the presence or not of a particular type of 
equipment, the number of equipment units, the presence of 
process streams or logical relationships among the variables of 
the process, or used to define different sets of modes of process, 
x is the vector of binary variables defining the flowsheet 
structure (existence of units), u and w are the vectors of control 
and state variables (operating conditions). 
       The model of the process, which depending on the 
problem, in addition to the heat transfer equations may include 
hydrodynamic equations, mass transfer equations, kinetic 
equations, etc., is represented by the set of equations – ih .   
Usually, these are nonlinear equations. Sometimes linearization 
of the model is used, which allows it to be solved more 
efficiently, but accuracy is lost. On the other hand, the nonlinear 
model can cover a wider range of operating states, but is 
expensive to solve. 
        The process specifications are represented by the set of 
inequalities – ig . These may include operating restrictions, 
safety restrictions, by-laws and environmental regulations 
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and upper limits of the uncertain parameters – (θL
,
 θU), or 

both [9].
In the presented wording (1-2), Φ is the goal, which is 

usually the sum of all costs for reconstruction (capital, oper-
ating, etc.). The goal is a function of the independent variables 
– d– (design variables), and of the dependent variables – w–. 
The vector of the independent variables – d– can include – d 
continuous and y – discrete variables. Continuous variables 
are the dimensions of the equipment, the properties of the 
technological flows, such as speed and temperature, which 
are continuous over time and variables in space. Discrete 
variables represent the presence or not of a particular type of 
equipment, the number of equipment units, the presence of 
process streams or logical relationships among the variables 
of the process, or used to define different sets of modes of 
process, x is the vector of binary variables defining the flow-
sheet structure (existence of units), u and w are the vectors of 
control and state variables (operating conditions).

The model of the process, which depending on the prob-
lem, in addition to the heat transfer equations may include hy-
drodynamic equations, mass transfer equations, kinetic equa-
tions, etc., is represented by the set of equations – hi.Usually, 
these are nonlinear equations. Sometimes linearization of the 
model is used, which allows it to be solved more efficiently, 
but accuracy is lost. On the other hand, the nonlinear model 
can cover a wider range of operating states, but is expensive 
to solve.

The process specifications are represented by the set 
of inequalities – gi. These may include operating restrictions, 
safety restrictions, by-laws and environmental regulations re-
stricting working conditions, as well as restrictions obtained 
from production schedules defining the intervals for process 
integrations, etc. Typically, the optimal operating condition is 
in the subset of all constraints, called active constraints. The 
more complex the research process and the number of in-
teracting variables increases, the more feasible the area of 
work defined by these constraints becomes. Constraints must 
therefore be set with due care in order to avoid conflicts that 
lead to unenforceable decisions.

The main challenge in developing stochastic optimization 
methods and algorithms stems from the need to calculate 
the conditional expectation and/or probability associated with 
multidimensional random variables. In the general case, the 
stochastic optimization problems are indeterminate, because 
in order to obtain the estimate of the expected value of the ob-
jective function, it is necessary to integrate on the multidimen-
sional space of the uncertain parameters – Θ. It is practically 
impossible to determine such values for the vectors d– and w–, 
to optimize the objective function for all values of θ∊Θ.

In order to obtain solutions to the stochastic optimiza-
tion problem it is necessary to know:

 – how the stochastic space (space of change of 
uncertain parameters) will be approximated;

 – how the optimization process will be organized on 
this space;

 – what optimization technique will be applied.
 

2.2. Multi-Scenario Model of Two-Stage 
Stochastic Programming

Assuming that uncertain parameters, with certain prob-
ability, accept finite sets of known discrete values (scenarios) 
in the stochastic space, the problem of optimal redesign of 
heat-integrated batch systems can be formulated in terms of 
two-stage stochastic programming as a deterministic mul-
ti-scenario problem of mathematical programming. 

One of the most used methods for scenario generation 
is the Monte Carlo method. In it, independent pseudo-ran-
dom samples are first generated to approximate a uniform 
distribution, and then specific values of the probability dis-
tribution are created by inverse transformation of the cumu-
lative distribution function [10]. In order for the samples to 
represent the distribution function, the most important factor 
is their homogeneity, i.e.  they have a low dispersion. The 
problem for reconstruction of heat-integrated batch system 
under conditions of uncertainty formulated as multi-scenario 
model of two-stage stochastic programming as follows:

(1-3) 

subject to:

In the above formulation d– is the vector of the variables 
in the first stage (design variables), and –ws is the vector of the 
variables of the second stage in the scenario – s – (status var-
iables). θs is the vector of uncertain parameters in a scenario 
s, and p is the probability of a scenario occurring – c. The 
number of scenarios in the model is  . Constraints in the type 
of equality and inequality are correspond for each scenario. 
In addition, the objective function, conventionally called cost 
function, includes the cost of the first stage variables (design 
variables) and the total amount of the expected second stage

costs. –                       calculated on the cost for work the 

system in all scenarios with the corresponding probabilities – 
ps. The latter are highly dependent on the choice of variables 
in the first stage [11]. 

However, the large number of scenarios seriously in-
creases the computational difficulty of the task, even when 
using decomposition techniques. In order to achieve a reason-
able computational time, it is necessary to replace the original 
set of scenarios with a significantly smaller subset, which 
carries the main features of the original [12]. 
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system in all scenarios with the corresponding probabilities -
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in the first stage [11].  
      However, the large number of scenarios seriously increases 
the computational difficulty of the task, even when using 
decomposition techniques. In order to achieve a reasonable 
computational time, it is necessary to replace the original set of 
scenarios with a significantly smaller subset, which carries the 
main features of the original [12].  
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Flexibility of production systems and uncertainties are 
inextricably linked. Over the years, different authors have given 
different definitions of the concept of flexibility as "the ability 
of production systems to cope with changing circumstances 
or instability caused by the environment" [13], or the ability 
of systems to adapt quickly to any change in relevant factors 
such as product, process, load and failure of apparatus and 
equipment” [14]. [15] were the first to introduce a common 
framework for flexibility analysis in the design process of 
chemical production systems. They offer a quantitative meas-
ure called the Flexibility Index, which measures the size of the 
stochastic space on which a steady state of the installation 
can be achieved at certain (fixed) values d – the design vari-
ables. The main assumption is that the uncertain parameters 
are independent of each other. The index defines the limits of 
the uncertain parameters in which the feasibility of the process 
is ensured, and allows the identification of the worst cases of 
conditions that limit the flexibility of the process.  

The purpose of optimization in conditions of uncertainty 
is to determine those values of the variables of the first and 
second stage, for which the sum of the value (price) of the 
first stage and the expected value of the second stage is min-
imal. Different sets of scenarios approximating the stochastic 
space lead to different solutions of the stochastic optimization 
problem. Deciding which of the obtained optimal solutions is 
maximum sustainable in the widest region of change of sto-
chastic parameters can be done with the help of proposals by 
[16] a method for rapid assessment of the Flexibility Index, for 
determining the widest limits of the uncertain parameters in 
which the feasibility of the processes or systems is ensured. 

Geometrically, this approach corresponds to the entry in 
the region of the uncertain parameters of a hyper-rectangle 
centered at the nominal point. In the scaled space with respect 
to the nominal point, the hyper-rectangle (hypercube) appears 
as a hypercube. It stretches with equal degree in the direction 
of the limits of the stochastic parameters. The size of the 
largest hypercube that can be entered without violating the 
constraints of the problem determines the size of the feasible 
region and its boundaries. The flexibility index is equal to the 
largest scaled deviation of each of the expected uncertain 
parameters. In this way, each set of deviations of the scaled 
parameters, which do not exceed the value of the flexibility 
index, lie inside the feasible space and allow the process to 
take place. The first step of the proposed method for estimat-
ing the Flexibility Index is the centering of the stochastic space 
at the Base Point. It becomes the beginning of a coordinate 
system. The uncertain hyperspace scales with respect to it, so 
in any direction n, n ∊ N, the lower and upper limits of the 
stochastic parameters – θn

LB; θn
UB to accept the values –1 and 

1, respectively (for a space of two stochastic parameters). 
Then, the volume of the scaled hyperspace of the uncertain 
parameters is a regular hyperrectangle (hypercube), for which 
the length of its sides in each direction is determined by two 
single vectors – positive and negative. 

The second step is related to the presentation of the 
Flexibility Index in the new scaled space. Starting from the 
center of the coordinate system, a hyperrectangle is inscribed 
in the scaled space, the sides of which stretch in the direction 
of the respective boundaries. The process continues until ei-
ther the feasibility limits of the system are violated or the limits 
of the scaled hyperspace are reached.

Carrying out additional analysis of the obtained solu-
tions, by determining the Flexibility Index for each of them, 
aims to indicate which of the solutions allow the energy inte-
grated production system to operate sustainably in the widest 
range of change of uncertain parameters. 

Conclusion
One way to improve sustainability and energy efficiency 

in batch production is to apply heat integration between donor 
and heat recipient. The main problem with this type of system 
is the appearance of changes in the input parameters of the 
integrated flows. This requires the optimization problem to be 
formulated in terms of stochastic optimization. The present 
study proposes a method for dealing with uncertainties and 
increasing resilience through heat integration of flows in batch 
production systems.
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